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A RIGOROUS TREATMENT OF A FOLLOW-THE-LEADER
TRAFFIC MODEL WITH TRAFFIC LIGHTS PRESENT*

BRENNA ARGALL', EUGENE CHELESHKIN', J. M. GREENBERG!, COLIN HINDET,
AND PEI-JEN LINT

Abstract. Traffic flow on a unidirectional roadway in the presence of traffic lights is modeled.
Individual car responses to green, yellow, and red lights are postulated and these result in rules
governing the acceleration and deceleration of individual cars. The essence of the model is that only
specific cars are directly affected by the lights. The other cars behave according to simple follow-
the-leader rules which limit their speed by the spacing between them and the car directly ahead.
The model has a number of desirable properties; namely, cars do not run red lights, cars do not
smash into one another, and cars exhibit no velocity reversals. In a situation with multiple lights
operating in-phase, we get, after an initial start-up period, a constant number of cars through each
light during any green-yellow period. Moreover, this flux is less by one or two cars per period than
the flux obtained in discretized versions of the idealized Lighthill-Whitham—Richards model which
allows for infinite accelerations.
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1. Introduction, model description, and statement of results. In this
note we examine the behavior of traffic on a unidirectional highway when multiple
traffic lights are present. For simplicity we assume the lights operate in-phase.

The model postulates the dynamics of individual cars but may also be thought
of as a coarse discretization of a continuum model introduced recently by Greenberg
[1], Aw and Rascle [2], Aw, Klar, Materne, and Rascle [3], and Zhang [9] (details of
this correspondence may be found in section 4, (4.6)—(4.8)).

We assume we are presented with an empirically determined function s — V(s)
on L < s which satisfies

(11) V(L) =0,
dv 2y
. —_— <
(1.2) T (s) >0 and 72 (s) <0, L <s< oo,
and
. v, - d?Y
(1) tim (V) P, 950 = x> 0,00

The independent variable s is interpreted as the spacing between cars, L is the
minimum car spacing (a lower bound for L is the length of typical car), and V,, > 0
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is the maximum allowable speed of a car. A typical function, and one we shall use in
simulations, is

(1.4) V(s) = Voo (1 - i), L <s<oo.
In this classic Lighthill-Whitham-Richards model [4, 5, 6, 7] the function V(-) gives
the velocity of individual cars; in ours it provides an upper bound for the velocity of
an individual car. An extensive discussion of suitable functions V(-) may be found in
[8, Chapter 4] and the references contained therein. Suffice it to say that the functions
V(+) in our model are consistent with those used in practice.

In this model x(t),1 < k < N, denotes the position of the kth car at time ¢, and
0 < ug(t) is the velocity of the kth car. Throughout,

d.’L‘k

(1.5) =

= Uk, 1§k§Na

and the cars are ordered so that (xg41 — zx)(t) > L, 1 < k < N — 1. Dwring time
intervals where the lights are green we assume that

(1.6) o= V(e —m)(O) +ax,  1<K<N,!
where ag(t) < 0 satisfies

(1.7) €e—— = —Q, 1<k<N.

The parameter ¢ > 0 may be thought of as a relaxation time. Equations (1.6) and
(1.7) imply that during the green light periods the velocities, ug, satisfy

du V(x —TE) —u
@m)gfzvumrﬂ@wﬂrmg+((“*ek) W g<k<n-1,
and
(1.7b) duy _ Voo —un)

dt €

The interesting feature of our model is how yellow or red lights effect the dynamics
of an individual car. Our traffic lights cycle from green to yellow to red, and the
numbers 0 < TG, 0 < TY, and 0 < TR denote the duration of the green, yellow, and
red lights. At time ¢ = 0 we assume we have a sequence of N cars located at

(18) LL‘k(O) = (k‘ — ko)Ll, 1 S k S N,

where Ly > L (again L is the minimum allowable auto spacing), and we assume these
cars are all at rest; i.e.,

(1.9) ug(0) =0, 1<k<N.
Finally, we assume they are at traffic lights located at x = 17,1 < I < M, where
(110) (N*ko)L1<l1<lg<"'<lM.

IWhen k = N, uny = Voo + an.
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We further assume that each intersection is of width w > 0 and let
(1.11) tym = (m—1)(TG+TY +TR), m=1,2,...,

denote the start of the mth light cycle.

During the time interval t,,, <t < t,, + TG all cars satisfy (1.5)—(1.7). At time

ty def tm + TG, the green lights turn yellow, and this will have an effect on the traffic

flow.
We start by describing what happens to the lead car, the one indexed by N, when
it encounters a light at x = [. We assume that

(1.12) zn(ty) <.
If
(1.13) zn(ty) +un(ty)TY >1+w+ L,

then the lead car will be able to completely clear the intersection if it travels at its
current speed un(t,). We allow it to clear the intersection by following its standard
dynamics; that is, over the time interval t, <t < t¢,,11 the Nth car satisfies

dmN
1.14 — =
(114 Ny,
where
(1.15) un = Voo + an
and ay < 0 satisfies

dOéN
1.16 =N _an.
(1.16) e aN

Following these dynamics the lead car accelerates through the intersection.
On the other hand, if

(1.17) e (ty) +un(t,)TY <1+w+ L,

then it will be impossible for the Nth car to clear the intersection during the yellow
phase if it continues to travel at its current speed. If

(1.18) zn(ty) +un(ty)(TY + TR) <,
then over the time interval ¢, <t < t,,41 we require it satisfies the modified dynamics

d d
"TN:uN and ﬂ=0;

1.1 —
(1.19) dt dt

i.e., we insist that it travels at its current speed. This strategy avoids the Nth car
accelerating and then possibly having to decelerate as it nears the light.

If (1.17) holds and (1.18) is violated, the lead car will have to slow down and
possibly stop. When it satisfies the additional inequality

(1.20) on(ty) +un(t,)(TY + TR)/2 >,
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the lead car is mandated to satisfy

2 _
uy (ty) <t <t,+ 2(l —zn(ty))
2(l —zn(ty)) un(ty)
d:Z?N duN
0,t, + w <t<t 1 2
Y UN(ty) -

This constant deceleration strategy brings the Nth car to rest at * =l at t = ¢, +

2l—anty) < tm+1, and it then sits at the light until t = t,,, 1.

Finally, when
(1.22)  zn(ty) +un(ty)(TY +TR) >1 and xn(ty) +un(ty)TY +TR)/2 <1,
the lead car is mandated to satisfy

dxr N
dt

B duy  —2(xn(ty) +un(t,)(TY +TG) —1)
=un(t) and == = (TY + TG)?

over the whole interval ¢, < ¢ < ¢,,11. This strategy brings the car to the light at
x =1 at t,, 41 with velocity

2(l = =n(ty))

(1.23) un(tms) = <y

—UN (ty) > 0.

We note that if the lead car satisfies (1.17), then the cars with indices k¥ < N —1
follow their standard dynamics (1.5)-(1.7) over [t,,tm41] unless they happen to be
influenced by some other light at © =1’ < I.

Having described what happens when the lead car encounters a yellow light at
x = [, we turn our attention to what happens when other cars encounter the same
light. We let k; < N — 1 be the largest integer so that

(1.24) xp, (ty) <1,
and we let p; < k; be the largest integer so that

(1.25) Zp, (ty) + min  u;(t,)TY <Ii+w+ L.
n<j<k
The p;th car will be the first one that does not get through the light at x = [.
We first consider the situation when p; < k;. We assume the existence of a number
A > 1 such that cars travelling with the maximum speed V., can safely brake at a

2
constant deceleration rate a = ;}\)f over a road segment of length AL.

We first focus our attention on the situation in which

(1.26) Zp, (t,) <1—AL.

2The dynamics described by (1.21) are equivalent to

_ 1/2
den _ un(ty)(l—an(®) /7 1, <t<t,
dt 2(1 — zn (ty))1/2

2(1 — =N (ty))
un (ty)

+

and

d 2(1 - t
don g,y 2= ()

<t <ty
dt un(ty) — =
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Our basic strategy is to let cars with indices k > p;+1 follow their standard dynamics
(1.5)-(1.7) over t, < t < t,41. The cars with indices p; +1 < k < k; will clear

the intersection by t,, + TG + TY def ty; i.e., they will satisfy xg(¢.) > 1 +w +
L. This follows from the observation that local spatial minima in the velocity are
nondecreasing in ¢ (for details see (2.79)—(2.81)).

Rules for the p;th car. So long as t, <t < t, and xp,(t) < — AL we let the
pith car follow its standard dynamics (1.5)—(1.7). If there is a first ¢,, < t, so that
Zp, (tp,) =1 — AL, then the driver must decide what to do. In the unlikely event that

(1.27) Up, (tpz)(thrl —tp,) <AL,

then over the interval [tp,, ;1] the pith car is required to satisfy

o iy (1,). Uy () "2y, (1)
and
dU.
(128) dtpl = V/ ('rpl-i-l - xpl) (upl+1 - UPZ)
(V (xpz—‘rl - l'pl) — Upz)
Jr
€
and

Upi(ty) = up, (ty)-
On the other hand, if
(1.29) Up, (tp,) (tmt1 — tp,) > AL,

then the p;th car will have to slow down and possibly stop.
When the p;th car satisfies the additional inequality

(1'30) Up, (tpl)(tm+1 - tpz)/Z > /\La

the p;th car is required to satisfy

dxpl R Up, (tpl)(l - zpz)1/2 def
(1.31) a — M < R
where
dU, V(z —xp,) — U,
(1'32) sz = V,(xpz-i-l - xpz)(upz-i-l - Upz) + ( ( pitl p pz) pz)
and
(133) Lp, (tpz) =1—AL and Upz (tpz) = Up, (tm)'

When (1.31) reduces to

dzm _ Up (tpz)(l - xpl)1/2 def
(1.34) = AT ef s
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we see that

dvpl _ 7”12)1 (tpl) < _ Vgo

(1.35) dt ~— 2\L —  2\L’

2L
T ) and the

and thus we apply this constant braking strategy over ¢, <t <t, +
strategy xp, (t) =l over t,, + —22 o <t <ty .

uPz (tPl )

If instead of (1.30) the p;th car satisfies
(1'36) Up, (tpz)(tm-i-l - tpz)/Q < AL,

the p;th car is required to satisfy

dx . 2AL—up, (tp, ) (Em+1—1p,)
—L = min (upl(tpl)+ (:in-f-pll_tpl)gl Pl (tftpl),UpJ

(1.37)

def
= Upy, lp, STt

and (1.33), and again U, satisfies (1.32) and (1.33),.

The dynamics for U, postulated in (1.28) and (1.32) might seem a bit strange.
What we are insisting is that the p;th car must travel no faster than the minimum
of its braking speed and the speed that it would travel at if it disregarded the light
and allowed its velocity to be determined by the car ahead. The latter speed Up, is
computed from the standard dynamics equation (see (1.6), (1.7), (1.7a), and (1.7b)).

If there is no such time ¢,, < t, so that z,,(ty,) = | — AL, then we know that
Zp, (tr) <1 — AL. In this situation we replace t,, in (1.27)—(1.37) by ¢, and the terms
AL in all inequalities and identities by I — zp, (t,).

Finally, if (1.26) does not hold, i.e., if

(1.38) 1= AL < ap,(t,) <1,

we set tp, to ¢, in (1.27)—(1.37) and replace AL in these formulas by [ — x,, (¢,).

The rules when p; = k; are similarly amended.

The cars with indices p;_1 < k < p; — 1 are required to satisfy their standard
dynamics over [ty, ty41].

Our first result deals with the model’s consistency; we shall show that for all
t > 0 and all indices, L < (zr11 — zx)(t) and 0 < ug(t) < V((xr41 — xx)(t)). We
also have the theorem that no cars run any red lights. With two in-phase lights, the
number of cars through an intersection during the green and yellow phases is, after
a start-up period, a constant. This constant is less than the constant obtained with
models which allow for infinite accelerations, i.e., discrete Lagrangian versions of the
Lighthill-Whitham-Richards model [4, 5, 6, 7].

One surprising observation about the model just described is that the largest
decelerations are not necessarily associated with the cars indexed by p; but rather
cars with indices k < p; — 1 which are forced to slow down because the p;th car has
stopped. Equation (1.7a) implies that the latter cars’ decelerations are determined
by the negative velocity gradients ugy1 — u.

Finally, we note that though we have been quite specific in postulating our stop-
ping rules for the p;th car, it would have sufficed to have chosen any rule of the
form

. def
—, T min (vma Upz) = Up, by <t <tmyr,
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where U, satisfies

v,
Wp = V/(po—l - ‘rpl)(upul - Upz) + (V(xpl-u - xpl) - Upz)e

and Up, (t,) = up, (ty) if pp <N —1, and

dU. Voo — U
dtN - ( € v and Un (ty) = up, (ty)

if pp = N, and where v,, > 0 is chosen so that if

dxpl
dt

= Up,, ty <t <tm1 and xp, (t,) <,

then zp,(t) <1, ty <t <ty

2. Model consistency. In this section we turn our attention to the issue of
model consistency. The central issue before us is to show that for 1 < k£ < N — 1 and
0<t

(2.1) L < (xk;Jrl — xk)(t) and 0< uk(t) < V(($k+1 — !,Ek;)(t))
and that for k=N and 0 <¢
(2.2) 0 < un(t) < Voo

We are also interested in knowing that the distinguished cars indexed by p; do
not run the red lights over the intervals ¢, = (m—-1)(TG+TY +TR)+TG+TY <
t<m(TG+TY +TR) s tm+1 and that the (p; + 1)st car clears the intersection by
t,., i.e., satisfies

(2.3) ZTp41(tr) > 1+ w+ L.

Once again x = [ is supposed to be the leading edge of the intersection, w the width
of the intersection, and L the length of a car.

There are two natural approaches that one can take to establish the above claims.
The first is to show that the desired conclusions follow directly from the governing
differential equations and initial and constraining conditions while the second is to
show that approximate solutions, generated by numerical discretization, satisfy the
desired consistency results. Noting then that these consistency results are sufficient
to guarantee that the approximate solutions converge (as At — 0) to solutions of
the original model, we are guaranteed that these limiting solutions satisfy the same
consistency results. We adopt the latter procedure here since in the next section we
shall perform computations with the discrete approximating system.

Throughout, At will denote our time step and the quantities (z},u},a}) will
denote the values of the approximate solutions at ¢, = nAt. To keep matters simple
we shall assume that the numbers TG/At, TY/At, TR/At, and €¢/At are all integers
and we shall assume that At < min (¢, (V'(L) = maxp<s V'(s))71).

Our first result deals with the traffic flow over the time intervals

def def

(2.4) tw & (m— 1)(TG+TY +TR) < t, =nAt <t, “t, + TG
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when all lights are green. Over such intervals we replace (1.5) by
(2.5) gt =2 +upAt,  1<k<N,

and this yields

(2.6) St = s+ (uftyy —up)At, 1<k<N-1,
where
(2.7 sp=(2py, —ap) and spt = (zZIll — .

The u’s and s’s are related by

(2.8) up =V(sp) +ap

and
At

(2.9) uptt = V(s + (1 - > al.
€

These updates hold for indices n satisfying

(2.10) (m —1)(TG +TY +TR)/At Y nyy <n < + TG/AL - 1.

THEOREM 1. Suppose that

(2.11) L<spm™ and 0<uy™ <V(sp™), 1<k<N-1,
and
(2.12) 0 <uj" < Vi = lim V(s).

Then, the same inequalities hold for

(2.13) N, <N < 0y, + TG/ AL = Ny.

Proof. The identity (2.6) implies that if s > L and ug,; —uj > 0, then SZH >
sp > L. In the situation in which u}/,, —uf <0, (2.6) implies that

(2.14) S = S 4 (ufyy — of — V(sP)At

and the natural induction hypotheses of < 0, 0 < u} < V(s}), and sp > L imply
that up — oy > 0. In the situation in which 0 < “Z—H —ap < Vs we are guaranteed
a unique 5}, , € [L,00) satisfying

(2.15) up ey — o = V(Sgi),

and here (2.14) reduces to

(2.16) spth = sp 4+ (V(5141) — V(sp)) At
or

(2.17) sPH = (1= V/(s.)At)sy + V' (s.) Ats]
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for some s, € (min (s}, 57, ), max(sy, 3}, ,)). The latter identity, together with
(2.18) AtV'(L) <1 and min (s}, 55,,) > L,

yields SZH > L. When up, —up < 0 and up,, —ap > Vs, the identity (2.14)
implies that

(2.19) ST > s+ (Voo — V(s])) At

The inequality (2.18); guarantees that s — s 4+ (Vo — V(s))At is strictly increasing
on [L,00) and thus (2.19) implies that st > L 4+ VAt > L as desired.

The induction hypothesis ajf < 0 together with At/e < 1 and (2.9) guarantees
that uZ‘H < V(SZH). What remains to be shown is that uZ‘H > (0. To establish this
assertion we combine (2.8) and (2.9) to obtain

At

uZH = V(s + (ug , —up)At) + (1 - e) (up — V(sp))-

Noting that
V(si + (uky — up)At) = V(si) + V' (s4) (u g — ug) At

for some sy > L, we find that

At
up ™t =V (sp) Atu + — V() = u) + (1= V(sg) At)uj.
The last identity, when combined with

AtV (sy) <1, Atfe<1, up >0, wup,, >0, and V(sp)—uf >0,

yields u} ™ > min (u,u} ;) > 0 as desired. O
We now turn our attention to what happens over the yellow and red phases, i.e.,

when

(2.20)

t, & (m— D)(TGC+TY +TR)+ TG < t, = nAt < tps1 < m(TG+TY +TR).

The results of Theorem 1 imply that when n = n,, = (m=1)(TG+TY+TR)+TG /At

the following inequalities are valid:

(2.21) L<s¥ and 0<u” <V(sp), 1<k<N-1,
and
(2.22) 0 <upf < Voo = lim V(s).

§—00

Our next goal is to show that (2.21) and (2.22) hold for indices

(2.23) Ny << i1 2 m(TG+TY + TR).

For definiteness we assume the lights are located at [y < Iy < - < lpy where M << N
and that L << ljy1 —1l;, 1 < T < M—1. For 1 < I < M, k; will be the largest
integer less than or equal to IV, so that

(2.24) xp! < g
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and p; will be the largest integer less than or equal to k; so that

(2.25) xpv + < min u’?y) TY <ly+w+ L.

pr<j<kr ’
It can and does happen that for some I < M

(226) p]:p[+1:--'=pM:N.

Our first task is to establish the desired inequalities for indices (p;—1 +1) < k <
pr = N for ny, <n < ny,q1. This is the situation that is obtained when the lead car,
indexed by N, has passed the (I — 1)st light but not the Ith light.

The rules laid out in (1.17)—(1.23) imply that xy(-) satisfies

d e
(227) % = min (’UN7 UN) d:f UN, ty S t S tm+1,
where Uy satisfies
dU -U
(2.28) v W mON) g U(ty) = unlty),

dt €
and vy (+) > 0 is chosen so that if z(-) satisfies

dZL‘N

(2.29) -

= vy and JCN(ty)<l],

then xx (tm+1) < lr. We replace this system with its discrete analogue,

(2.30) ot = 2% Ul AL, ny <n < npp — 1,
At
(2'31) UJT\LT—F1 = VOO + (1 ; 6) (U}\If - Voo) ) Ty <n< Nm+1 — 17

and these are solved subject to the initial conditions

(2.32) xX,y <l and 0< u?;’ < U;\L,y < Ve
The discrete velocity ufR; is given by

(2.33) upn = min (v, Uy),

and vy > 0 is a discretization of vy with the property that if
(2.34) 2t = 2% oAt and 2y <
for n, <n < nypqq — 1, then

(2.35) ot <.

The identities (2.31), (2.32)3, and (2.33) guarantee that

(2.36) 0 <uly < Voo, Ny <N < Nppy1.-
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If we assume that (p;—; +1) < N — 1, then the (N — 1)st car will follow the
standard dynamics (1.5)—(1.7) on t, <t < t,,11, and thus for n, <n < n,q1 — 1 we
have the approximating discrete system:

(2.37) TN = aR +uf A, uy_y =V(sh_1) +oj_q,
and “Xftll = V(S’&tﬂ) + ( - %) N1
where

(2.38) sk =aRk — 2Ry and syt =2 -2 =Ky + (uly —u_y) AL
The inequalities (2.21) and (2.22) imply that oy’ ; < 0, ay’ < 0, and sy, > L.
The identities (2.37) and (2.38) imply that

A" 5
(2.39) shtl = s |+ <u§§, - (1 - 6) an | — V(S?V_l)) At,
and (2.37)2 and (2.39), together with
(2.40) L<si ,, oy <0, ul >0, AWV(L)<1, and At<e

and the arguments used to establish Theorem 1, imply that
(2.41) L <sW_q, Ny <N < Ny

The arguments used to establish Theorem 1 along with (2.40) and (2.41) also yield
0<uly_; <V(sh_y), ny <n <npt1. An induction on k for indices (pr—1 +1) < k
then yields

(2.42) L <sy=(xp, —xp) and 0 <wuy <V(sy), Ny <N < N1

This situation when p;_; = N — 1 is handled similarly, provided that one adopts
the proper first order integration scheme for Uy _;1. The governing equation for Uy _1
is

dUn - V(ry —xn—1) — Un-—
(2.43) c]i\; ! :V/(xN*xN—l)(UN*UN_l)%»( (zn N€ 1) —Uxn 1),
where
(2.44) doy —aNa) o

dt

and vy_1 > 0 is chosen so that if

(2.45) dzlc—tN =uvy_1 and ay_1(ty) <Ii,
then

(2.46) an_1(tms1) <11
Additionally

(247) UN -1 déf min (UNfl,UNfl).
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The integration scheme we use is

248)  URT = Voo + (o~ U3 )80+ (1= 2 ) (01 - Vish ).
where
(2.49) Sy =2z — TN

To complete the proof one does an induction on the index I, first replacing I by

I—1. One knows that the car with index (p;_; +1) has a velocity Uy, 1) satisfying

(250) 0= U?PI—HJ) =< V(Sgl—1+1)’ Ty SN < Npyr

We first focus on the p;_ist car and note that

dx — . def
(2.51) dpz - = min (’UPI—17UPI—1) = Up;_1
and
ds,,
(2.52) —a = W)~ Up ).

The rules laid out in (1.7)-(1.23) imply that

du,,_ V(Swr_141)) = Upr )
o = V/(s(pl—l))(u(PI—1+1) - UPI—I) + 1o t]) z

2.
(2.53) dt €

and that the velocity field 0 < v,,, , is chosen so that if x,,, , evolves as

(2.54) dt_ =uvp,, and x,, ,(t,) <,
then
(2.55) Tp;_y (tmt1) <l

The discretization we apply to the p;_ist car is

+1 _ +1 _
(2'56) x;}—l - 1‘2171 + u2171At and 82171 - 52171 + (u?p171+1) - ugl—l) At

for ny, <n < mnp41 — 1. Moreover, for some n, <ng <n, +TY/At -1

(257) up;ill — V(Spill) + (1 — 6> (up171 — V(Spf,l))
and
(2.58) Uyt = ups

3This scheme is essentially a first order Euler scheme applied to (2.43). The scheme implies that

Uit =UR_ 4+ AV (s%_y) (uly —UR_)) + - (V(sh_1) —UN_1) +0(A1)%
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whereas for ng <n < npq1 —1

(2.59) UZ,,l = min (U;Lplngz 1)

At
(200) Ut =Vish_, + (o = Uy )80+ (1= 20) W, = Visp,_ ).

pr Pr—1 pPr-1 Pr—1
and
(2.61) Uyt =wuy? and z,0 <l
Finally vy, | is chosen so that if
(2.62) ng_ll =z, , tv,, Al no <n<npmy1— 1,
then
(2.63) xym it <.

The arguments employed to establish Theorem 1 guarantee that for n, <n < ng

(2.64) L<sy,  and 0<uy,  <V(s, )

and that for n = nyg

(2.65) O<ule  <UM <V(st ).

br—1 pPr—i1 —

LeEMMA 1. Forng <n < npya

(2.66) L<s,  and 0<u,, <U;  <V(s;, )

pPr—1 — Pr—1

Proof. The identities (2.56) and (2.60) imply that

(2.67)
V(sp ) = Upth = Vsp,_y + (ufy, 41y = Up,_,)AD)
_V( Spr_s <u22171+1) UIZLI 1)At>

+ (1 — A:) Vlsp,) = Upiy)

= AV (sy) (Up,, —up, ) + (1 _ At) V(2 ) —=Un )

€

for some sy > min (sp, |+ (u?pFIH) —uy, At sy + (u?pFﬁU Uy, )At). If
we now make the induction hypotheses that

(2.68) L<sy,  and 0<U), | <V(s; ),

then (2.59) implies that

(2.69) 0<u,,  <U;  <V(sp,_,)

4See Footnote 3.
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and (2.69) and (2.42) with k = py_1 + 1 implies that

(2.70) min (SZ,,I + (u?pl,l-ﬁ-l) - UITJLlfl)At7 SITJLI—I + (U?PI—1+1) B Uglfl)At)
: n def n
—V(sp,_ )ALt = F(sp, )

n
Z S pPr—1

Pr—1
This constraint AtV'(s) < 1, L < s guarantees F(-) in nondecreasing on L < s, and
this fact, together with F(L) = L, guarantees that s;}l‘tll and sy are both greater than
or equal to L. Moreover, (2.67) also yields U}t1 < V(s ). The defining relation

(2.60) and (2.70) and Uy, 41y = 0 also implies that

At
2.71) Uyt = AtV (sa)up,, gy + (1= AV (s))Uy, |+ ?(V(s” )y =Uur )

pr—1 Pr—1 pr—i

for some s, > L and (2.71) guarantees that Us"! > 0. The last inequality and (2.59),
with n + 1, guarantees that

(2.72) 0 <upt <UST < V(sp),
and this completes the proof of Lemma 1. 0

Once again an induction on k for indices (pr—o + 1) < k yields
(2.73) L <sp=(xp —ap) and 0 <uy <V(sp)

and additionally yields the following theorem.
THEOREM 2. Forny <n < Ny =m(TG+TY +TR)

(2.74) L<sy and 0<uj; <V(sp), 1<k<N-1,
and
(2.75) 0 <uly < Voo = lim V(s).

Moreover, for 1 <1< M
(2.76) x;‘;"“ <. O

Theorems 1 and 2 go a long way towards establishing the consistency of our
model. What remains to be shown is that cars with index p; 4+ 1 clear the light, i.e.,
that they satisfy

TY
Ny + Xy

(2.77) A

>lr+w+ L.

The reader should recall that the cars with these indices satisfy

(2.78) x(;Hl) < Iy and x(;1+1) + ( min ujy ) TY >l +w+ L
(pr+1)<j<kr

and that cars with indices (pr+1) < k < kj evolve by the standard discrete dynamics
for ny, <n <n, +TY/At—1;ie,

At n—"ny )
Pt =2 +up At and ul = V(s}) + (1 - e) (u” = V(s™)),
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where
0< uZ“ < V(szy) and L < sj.
It is a straightforward calculation to show that cars with these indices also satisfy

n n Ui n At n v
ukJrl = V(s + (upy —up)At) + (1 - e> (up = V(sy))

= AV (s + (1= AV (s + V5 — )
from some sy > L, and that this identity, along with
AtV'(L) <1, At <e, and 0<V(s})—up
implies
(2.79) uptt > min (uf, upy ).

We now note that at t = t, (equivalently n = n,) the cars with indices p; < k
typically satisfy

. in ulY =u," <k <
(2.80) , in, u,”, where (pr+1) <ko <kp,
and
(2.81) uty —upt >0, ko <k <ky,

where ky is greater than k;. Moreover, if the spacing of the lights is sufficiently
large, then the spatial monotonicity of the velocities is preserved for n, <n < n, +
TY/At and kg < k < kgz. When this is the case, the inequalities (2.78)—(2.81)
guarantee (2.77).

3. Simulations. In this section we present some simulations of the system out-
lined in section 1. We chose

Voo =50f/s, L=20f, L =25f, A=5e=5sand N = 600.

Our maximal velocity was given by

V(s) = Vo (1—L>, L<s

S
We restrict our attention to a roadway with two in-phase lights located at
Iy =1 mile =5280f and Iy =2 miles = 10,560f,
and we assume that the width of each intersection is
w = 20f.
Finally, the durations of the green, yellow, and red lights were chosen to be

TG = 25s, TY =5s, and TR = 30s.
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‘Walocity v poedition and cars past Bghtl: 11, cars pasl Bght2-0
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Our initial data are taken to be
2 (0) = 25(k —400) and wug(0) =0, 1 <k < 600.

Snapshots of the solution are shown at times 30, 147, 151, 179, and 191 seconds
in Figures 1-5, respectively, and a film may be seen at http://www.math.cmu.edu/
users/plin/21380/traffic.html.

In the first frame of each snapshot we plot the auto velocity wuy (in miles/hour)
versus current auto position zy (in miles), and in the second frame we plot the em-
pirical density py = m (in cars/mile) versus current auto position zj (in miles).

After an initial startup period we are able to get 18 cars through each light during
each green-yellow-red cycle. This number should be contrasted with what one obtains
in the singular limit, where e = 07, TY = 0s, TG = 30s, w = 0f, and A = 5. In this

limit
L
weve (1o )
Te41 — Tk

and if, perchance, we have a car satisfying
2p((tm + TG)™) =17, I=1or2,
and

up((tm +TG)™) > 0,
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Walccily va jposdlion and cars pasd Bght:47, cars pasl ight2-5
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then for times t,, + TG <t <t,, + TG+ TR,
2k (t) =1 and ug(t) = 0.

For this singular model we declare a car through the light at [ if xx(¢,) > {. The
singular model has the potential for infinite accelerations. In steady state the singular
model allows us to get 20 cars through an intersection during each green-red cycle.

We note that our choice of which car must stop is made at times ¢, = t,, + TG
(when a green light turns yellow) and is conservative when the car chosen to stop
satisfies x,, (t,) < [—AL. A more aggressive strategy would have been to allow the p;th
car to follow its standard dynamics until time ¢, < t, +TY, where z,,(t,,) =1 — AL,
and then reevaluate whether the p;th car can get through the light in the remaining
time t, +TY —1,,, i.e., check whether

t i t t TY —t,)>1 L.
xm(pl)—’_plgkngl}c?(tm)Uk( Pz)(y+ Pz)— +w+

If the latter inequality holds, the aggressive strategy would allow the p;th car through
and stop the (p; — 1)st car. We avoided this strategy because it did not seem to be
worth the effort to get one more car through the intersection during the green-yellow-
red cycle.

The attentive reader will by now realize that once we have determined which
car will slow down or stop at a given light the particular braking strategy adopted
is immaterial; all that is required is that the velocity associated with the braking
strategy, vp,, be such that if x,, satisfies

then zp, (tm+1) < l. We adopted constant braking strategies here because they were
simple and realistic.

4. Concluding remarks. There are some obvious connections between the dis-
crete model studied in this paper and the continuum or macroscopic models of Aw,
Klar, Materne, and Rascle [3].

If one assumes that the maximal velocity V() introduced in (1.1)—(1.3) is actually
a function of v = ¢ defined on v = > 1, i.e,,

s

(4.1) V(s) =W (Z) ,
then (1.1) and (1.7) take the form

dxk duk ’ Uk+1 — Uk (W(’yk) - uk)
4.2 — = — =
(42) ar e and g =W L * € ’
where again

Tyl — T

(43) o ( k+lL k)
and
(4.4) CALCTES Sl

dt L
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The connection between the follow-the-leader system (4.1)—(4.4) is now clear. One
introduces reference coordinates

(4.5) X, = kL,

lets

(4.6) X(Xp,t) = z(t) and u(Xg,t) = uk(t),

and interprets y; and “#—"* as the downwind finite difference approximations to

g—ﬁg and g—;‘( at the reference point Xy; i.e.,

82( T4+1 — Tk (9U Uk+1 — Uk
4.7 — (X, t) =y = —— d —(Xg,t) = ——.
( ) 8X( k> ) Tk L an 8X( ks ) L

With these identifications one obtains, at least formally, the Lagrangian traffic equa-
tions

oxX oxX
(4.8) E(X,t):U(th) and 3727()(@7
where
v _ou oo (W)
(4.9) 5 = BX and 5 = W'(v) X + . )

This correspondence is faithful if one restricts one’s attention to initial value problems
exclusively. We have not seen how to incorporate the traffic light problem into a
continuum format.
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