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L OO OO 0O O 0O

Problem Formulation

Single Internet Service Provider (ISP)

Set of users, Z = {1,...,1};flowof user ¢, z;,i € 7
Set of links, £ = {1, ..., L}; capacity of link [, ¢;, 1 € L
Set of Links x; traverses, L; C L

Unit price charged to user ¢ for using link [, p;;, | € L;

Net utility of user 7, (z; = Zi:leﬁi x;; w;, k;, v;: positive scalars)

1
F; = w;log(1 + k;x;) — Z P— Z Dii
lec, leL;

Revenue of the ISP,

R:Z Z plz-a:i:Z%; Zpli

lel v:lel; 1€l lel;

Hongxia Shen and Tamer Basar, Boston, MA, 07/01/2004 —2—



ACC 2004 General Network

Two-Level Hierarchical Network Game

ISP
Leader

}

. ,
Stackelberg
game
f | r | |

Followers |

max{p“} R

I -player noncooperative game |
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Existence of a Unique Nash Equilibrium

[1 Suppose that prices are given and fixed.
[1 Add to F; the quantity not related to x;, [BS'02]

> wylog(1 + kjey) = Y0 ——— =Y vy Y py

j#i I¢L j#i leL;

[1 Obtain an equivalent noncooperative game where all the users have a
common objective function (strictly concave),

F = Zwilog(l—kkiazi) —Zvixi Zp“ —Z ” ixl'

€L 1€l lel; lel

[BS’02] Basar and Srikant, “Revenue-maximizing pricing and capacity expansion in a many-users
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Special Single Link Network

[1 Single link network with a capacity n shared by n users

0 Net utility of user 4, (z := ., ;)

Fz:wzlog(l—I_xz)_ — Pidq, ’I:ENZ:{L“-,TL}

n—x

(1 Uniform Price (UniPri): p; = p (complete solution by [BS'02])
[1 Differentiated Prices (DiffPri)

[] Notations:

1
T, . N\ , . W.55 . N o 3. D2
:CG,'U « H, w = 2]21 wj7 wa/fv o« n,UQ - Z]:]. wj7 va/v « n

[BS’02] Basar and Srikant, “Revenue-maximizing pricing and capacity expansion in a many-users
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if and only if

Special Single Link

Positive Solution for UniPri

Lov—u = 1 — 5 ﬂ
1+ (n2wav)%
i L 1+(n2wav)%’ I
= 2n
;= —(Zhyu+1) =1, iEN, f
wav
*k av —_ = 1 =
Py = 22 (14 (W*wa) 8) = 75 (1L + (n*wan)¥ ),
* ok Wav 3 2 2 1
_ — _ ) —
’ru puxav—u 2 4n2 (’I’L wav) _|_ 4??,27
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Special Single Link

Positive Solution for DiffPri
" 2
xav—dzl_ 1 50 TT
1+ (nvdy)3
(nvi,)
« 14 (nugy)3
dd_ 2 y ll
mn
* \/w’b *
Li—d = 1 (mav—d—|—1)_19 ZEN) ﬂ
vy
5
av l — & 1 l =) .
Pi_a = Vi (1+ (w3)78) — 51+ (wd))?, i€ N,
1 Lo 3, 1.4 1
Ta = Wav = 55 (MVav)” — -5 (nvdv)® + 3,
20 + (n08)? + ()
wi > ey Zva; NV VieN
mn
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General Solution
If the necessary and sufficient condition for positive solution is not satisfied:

[l order the users such that w; > w; only if ¢ < j;
[I find the largest n* < n such that the condition holds for the first n* users;
[1 write out the positive solution for the n*-user problem;

[] obtain the solution for the n-user problem by appending 7 = 0,7 > n*.
[BS'02]

[BS’02] Basar and Srikant, “Revenue-maximizing pricing and capacity expansion in a many-users

regime,” IEEE INFOCOM 2002.
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Comparison of UniPri and DiffPri

Conditions for Positive Solution

Condition for UniPri = > Condition for DiffPri |

l

DIffPri can admit

more users with relatively small w;’s
than UniPri.
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Same Number of Users Admitted (1)

[ Throughput: 27, _,, > x>
[l Congestion cost: d;, > d

[ Individual flows:
( k

€T

* .
i > T g W > Wy,

* X . o

| T, < Ti_g ifw; < wy

[1 Prices:

2

py, < pi_, ifw; > wp,

§ pE=pl, ifw; = w,y,

| py, > pi_ 4 ifw; <wp

1
2 \2
Wisngez = Wy = Wy, Way > (Ucw) = Wi
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Same Number of Users Admitted (2)

[ Individual utilities:

2

Wmax Z wrg Z Wy

L] Revenue: r;, <r}
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Comparison of UniPri and DiffPri

Same Number of Users Admitted - Example

- - U_niPri
—— DiffPri n — 50
0.25-
oal with w;’s evenly distributed
£01s around w,, = 0.001
[T
01 from 0.8775e — 3
oot through 1.1225e — 3
(()).85 019 0.55 1 1.65 1‘.1 1.‘15
Users (wi ) «10°2
x10™ ~0.0233 - - UniPri
- = UniPri —— DiffPri
3.6{{ — DiffPri
-0.0234r
3.4r
3ol $-0.0234F
T B
3 2—0.0235—
2.8F
-0.0235
2.6f -
0.85 09 0.95 1 105 L1 115 0.85 0.9 0.95 1 105 11 115
Users (wi) -3 Users (Wi ) -3

x 10 x 10
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More Users Admitted for DiffPri
Compare UniPri(n), DiffPri(n), and DiffPri(n), n < n:

[ Throughput: > . <z*
[1 Congestion cost: d;, > d > cZ;';
[ Individual flows: 7 , < 27

0 Total revenue: R < R% < R
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General Single Link Network

[1 Single link network with a capacity nc shared by n users
[0 Net utility of user ¢, (z := Z?:l )
1

nc —x

F; = w;log(1 + k;x;) — —pixi, 1€ N:={1,--- . n}

[J Uniform Price (UniPri): p; = p
[1 Differentiated Prices (DiffPri)

[] Notations:
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Asymptotic Solution for UniPri

2 k-1)? . 12
o = C(C+ _ai)) ) xav—u<n>Nc_aén g: ﬂ
wavkav
di(n) = ——— “nE
e ~ nc—nxz,_,(n) @ RS
* W; 1 1 w; 1 _2 |
1—U ~ ka’u - 5 T 3 37 EN;
* (n) wav( ) k@ wava " ! ﬂ
Wao 2c _2 _2
o (n) ~ + —1)a 3n" 3,
pl(n) ~ —r 4 (=5~ 1) y
r(n) = Pu(n)Tau—u(n) Wov _ _ 3,353 4
C C‘I'kav
if and only if
Wao 2c _2 _2 .
wik; > + a 3n 3, VieN
c+kay ko
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Asymptotic Solution for DiffPri

2c(c + k)2 y 1 _2
b= ( 1 ) ) xav—d(n)Nc_Bgn |
(2dv)?
5 1 _1 _1
dd(n)_ Nﬁ sn 3, U

1—d 1 _l_kav
2 ' 22
o 2
* ZavV Wik 2c WiKj _2 _2
pz’—d(n)N 1 +( 1 _1)ﬁ 3n 3, 1€N, |
‘|‘kav Zc%v
(28"
* Wav Zav 2 _2
Ta\TV) ~~ — —3 3n 3’
if and only if 1 1
22, 22, 2c _2 _2 .
wik; > — ~ — +—8 3n 3, Viec N
S x:‘;v—d(n) e+ Kay Za_v
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Asymptotic Comparison (1)

[1 Same conclusion: DiffPri admits more users

~ Xk

0 Throughput: 2%, =& 2 <,

av—u av—d’u
0 Congestion cost: d* > d

[1 Individual flows:
f - . ~
z;_, > x4 ifwk; > wk,

— N* 1 . . e N
1—U — zz_d If wzk'z — 'U]k',

~ % ~ % : N
| T, < Ti_g ifwik; < wk

[1 Prices:

(- ~ ) ~
p;’; < p;‘_d if ’wzkz > ’UJ]C7

< [52 = ﬁ:—d if wzkz — w~k,

P> PEy ifwk; < wk
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General Single Link

Asymptotic Comparison (2)
[ Individual utilities:

~

 Fr ., =F* , ifwik; = wkp,

~

| Fz'*—u < Fz'*—d if w; k; < u;/cp

(wiki)max Z /U;k'F Z ’U;k ‘= (wav/zév)2 Z (wiki)min

L] Revenue: r;, <1
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How DiffPri Affects Users

DiffPri for all users: total flow 1}, congestion cost || |

’ I N
7 N
e < , h N
/ | N
DiffPri DiffPri DiffPri
flows 1}, prices |}, flows |}, prices 1|, flows |}, prices 1|,
net utilities 1) net utilities 1) net utilities |

| | |

| | |

| | |
r N\

Users Users
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Conclusions

Price differentiation leads to a more egalitarian resource
distribution at fairer prices:

[]
[]
[]
[]

[]

more users admitted
higher total flow, alleviated congestion
beneficial to the ISP: improved revenue

beneficial to users with relatively small utility parameters: reduced
prices, increased flows and utilities

disadvantageous to other users: decreased utilities

ISP tends to have more users admitted (UniPri or DiffPri):

[]

[]

Increased throughput and flows, reduced congestion, decreased prices
and improved revenue

iIncentive for the ISP to increase the capacity
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Extensions

0 Linear network [BS'02A] and other general
O Incomplete information
0 Multiple ISPs

Conclusions and Extensions

networks

[BS’02A] Basar and Srikant, “A Stackelberg network game with a large number of followers,” J.

Optimization Theory and Applications, Dec. 2002.
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